We studied the thermodynamics in a single homopolymer chain using a multicanonical Monte Carlo simulation. A polymer chain that exhibits an elongated coil state in a good solvent, or at high temperatures, collapses into a condensed state, i.e., coil-globule transition. For flexible polymer chains, as the temperature decreases, the coil state changes into a liquidlike spherical globule, and this liquid state then changes into a solidlike spherical globule; these are similar to the transitions between gas and liquid and between liquid and solid, respectively. For stiff polymer chains, the coil state changes into a crystalline state without the appearance of an intermediate liquidlike state, to give a product with toroidal morphology. For chains intermediate between stiff and flexible, the coil state changes into a state in which toroid and rod shapes coexist, and this state changes into a single solidlike state in which only the rod shape is present. These calculational results correspond well to experimental findings for the products of the collapse of single long DNA chains.
I. INTRODUCTION
A homopolymer chain is expected to exhibit a large change in density between an elongated coiled state and a collapsed globule state, similar to the usual transition between gas and condensed phases. This coil-globule transition, or collapse transition, of flexible homopolymer has been extensively studied both theoretically [1] [2] [3] and by simulation [4] [5] [6] [7] [8] [9] and experiments. [10] [11] [12] It has been well established that flexible polymer chains exhibit a diffuse or continuous transition with a change in control parameters, such as temperature and solvent quality. De Gennes 2 suggested that this transition will approach a ''critical point'' as the number of segments N or the molecular weight is increased to infinity, similar to the critical behavior in second-order phase transition if (TϪT c )/T c is replaced with 1/N.
As for a semiflexible homopolymer, it has been suggested that the coil-globule transition is first-order phase transition within the framework of the mean-field theory. 3, 13, 14 In contrast, however, most previous experimental studies have indicated that this transition is always continuous, 14 and cannot be classified as a kind of phase transition. Through the observation of single DNA chains using fluorescence microscopy, it has recently been revealed that isolated single long DNA chains exhibit a marked discrete transition between the coil and globule states, whereas the ensemble average of DNAs shows a steep but continuous transition. [15] [16] [17] [18] In usual aqueous solution, a DNA chain has a double-stranded structure and its persistence length is 50 -60 nm. 19, 20 It is noted that this persistence length is 25-30 times larger than its diameter, 2 nm. Natural DNA chains have lengths that are several orders of magnitude larger than the persistence length; 0.1-1 mm in bacterial phage, 1 -10 mm in bacteria and 1 -10 cm in eukaryote. An aqueous solution is a good solvent for highly charged DNA chains; long natural DNAs behave as semiflexible polymer chains and exhibit an elongated coil state in an aqueous environment. When the quality of the aqueous solution is changed for the worse by adding a low-polar solvent ͑or multivalent cations, or flexible hydrophilic polymer, or cationic surfactant͒, individual long DNA chains collapse, one by one, into compact states. 15 It is known from experiments that collapsed DNAs exhibit different morphologies, such as toroid, rod, sphere, spoollike, etc. 15, 21, 22 It would be interesting to perform a theoretical investigation of this morphological variation in collapsed semiflexible polymer chains. Unfortunately, mean-field models with isotropic approximation 13, 14 cannot interpret such condensed phases in a precise manner. Instead, numerical simulations, such as Monte Carlo simulation and molecular dynamics, can be used to gain insight into the mechanism of the transition from a coil to a condensed globule state. The coil-globule transition in a semiflexible homopolymer [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] has been studied by simulation using lattice models [25] [26] [27] and the polyethylene model. [28] [29] [30] [31] It has been suggested that semiflexible chains undergo this transition in a discrete manner, and the collapsed products exhibit ordered structures, such as a rod shape. However, in most previous simulations, a toroidal structure has not been reproduced, perhaps due to artificial effect of the approximation, such as the lattice structure, or to restricted configurational freedom. In contrast, experimental observations of the morphology of long DNA have indicated that a toroidal structure is one of the most represented in the collapsed state. 15, 21 Recently, in a simulation using an offlattice model with an elastic bending potential, we found that both the rod and toroidal structures were generated and that, with some parameter area, a toroid is the most stable morphology, whereas a rod is the product of kinetic trapping. 23 To the best of our knowledge, there has been no previous systematic study of the thermodynamic stability of the toroidal and rod structures.
Considering that the coil-globule transition resembles the transition between gas and condensed states, it may be natural to expect the existence of both liquid and solid states in the collapsed or globule state in long polymer chains. Recently, based on the results of a molecular dynamics simulation on a freely jointed square-well chain with a flexible bond length, Zhou and co-workers reported that both a liquid-solid transition and a solid-solid polymorphic transition are observed when suitable parameters for the van der Waals potential are selected. 8, 9 Based on the results of the minima. Since the weighting factor w mu (U) in the multicanonical method is not known a priori, unlike for the canonical ensemble, it is estimated by the iterative procedure as reported in Ref. 34 . For a given w mu (U) satisfying Eq. ͑5͒, a multicanonical Monte Carlo simulation is carried out with Metropolis criterion. After this simulation, the canonical distransition between a different ''condensed state'' and will be interpreted in detail later. At /ϭ5, the peak at the collapse transition becomes very sharp and the second peak disappears. Figure 4 shows the probability distribution of the internal energy U with different stiffness. At /ϭ1, there is always a single maximum during the transition, in accordance with the gradual changes in R g ͑see Fig. 1͒ and C ͑see Fig. 3͒ . At /ϭ3, double maxima appear at /Tϭ0.92, indicating the coexistence of the coil and globule states in the transition. At the highest stiffness (/ϭ5), a clear binodal distribution is recognized. This binodal distribution in stiffer chains indicates the existence of a double minima in the free energy profile. According to the symmetry argument of Landau, 41 the transition in stiffer chains can be classified as a first-order phase transition. Reflecting the finite number of elements ͑segments͒, we see a region of coexistence with a finite range with respect to intensive variables, such as temperature, pressure, chemical potential, etc.
16 Figure 5 shows the morphologies on elongated and collapsed states under thermal equilibrium at different stiffness. For a flexible chain (/ϭ1), a spherical globular product is obtained, which may be regarded as a kind of liquid state. At an intermediate stiffness (/ϭ3), both toroidal and rod structures are observed. Since the segments are arranged in an ordered manner, these structures may be categorized as solid or crystal. For a stiff chain (/ϭ5), only toroidal products are generated at thermal equilibrium. Thus, whereas the collapse transition of flexible chains is similar to a gasliquid transition, that of stiff chains is more like a gas-solid transition.
To evaluate the morphological changes of the collapsed products in a quantitative manner, we calculated ''asphericity,'' A, 42, 43 as an order parameter that reflects differences in spatial symmetry. The results regarding average asphericity ͗A͘ are given in Fig. 6 . Asphericity A is obtained from the three eigenvalues in the tensor of the moment of inertia,
where A takes the values ͓0,1͔ and can be used to interpret the degree of deformation from spherical symmetry; Aϭ0 for a perfectly spherical globule (L ͗A͘ decreases gradually with a decrease in temperature and becomes less than 0.1 when /Tտ1. The spherical symmetry of the collapsed product again suggests the generation of a fluidlike state. Thus, minimization of the surface tension ͑or surface energy͒ isan essential factor for determining the morphology of the condensate. For stiffer chains at /ϭ2, the profile is similar to those for flexible chains (/ϭ0,1). There appears to be a weak transition around /Tϭ0.8, which reflects the second transition from a liquidlike state to a solidlike state, as shown in the temperature dependence of the heat capacity C ͑see Fig. 3͒ . At this stiffness, a rod structure exists at local minima of free energy. For a stiff chain (/ϭ5), the coil state changes into a ''toroidal crystal'' through a sharp transition at around /Tϭ0.9. In this condition, the collapsed product only shows a toroid morphology. Actually, the fluctuation in A is rather small; ͗A͘ϭ0.228 Ϯ0.005, ⌬Aϭ0.03 at /Tϭ1.2. The transition profile for a semiflexible chain at /ϭ3 is somewhat complicated due to the presence of ''polymorphology.'' Figure 7 shows the temperature dependence of the distribution of A at /ϭ3. After the transition at around /T ϭ0.9, both toroid (AӍ0.2) and rod (AӍ0.8) forms are generated, with toroid being the major morphology. The relative ratio of the toroid morphology decreases gradually: 0.59, 0.53 and 0.05 at /Tϭ1, 1.2 and 1.4, respectively. When /Tϭ1.5, ͗A͘ becomes larger than 0.8, indicating that all of the collapsed products take a rod structure.
Next, we analyzed the spatial correlation between segments along a distance l on the chain contour. We take the spatial coordinate R l on the lth segment with respect to the center of gravity. Autocorrelation is then calculated as the power spectrum P s (q),
͑7͒ Figure 8 shows the power spectrum at /ϭ3, where we give P s (q) for toroids and rods separately, with the discrimination based on asphericity A; the toroid for AϽ0.5 and the rod for Aу0.5 ͑see Fig. 7͒ . As shown in Fig. 8 , the peaks for toroids appear at larger q values than those for rods; i.e., the periodicity in the chain is greater for rods than for toroids. We also analyzed the temperature dependence of q. At / ϭ3, the most probable values q p for toroids are 3.7, 4.6 and 5.0 for /T of 1.0, 1.2 and 1.4, respectively, whereas for rods they are 2.9, 3.3 and 3.4 for the same /T values. At / ϭ5 ͑stiff chain͒, toroids have values of 3.5, 4.0 and 4.4 for /T of 1.0, 1.2 and 1.4, respectively. These data indicate that q p increases with an increase in /T. Thus, at higher temperatures, the periodicity and size (R g ) tend to increase due to destabilization by thermal agitation for condensates with larger q ͑i.e., smaller periodicity͒. In addition, the periodicity and size of the toroids tend to increase with an increase of stiffness from /ϭ3 to 5. 
͑8͒ Figure 9 shows the degree of fluctuation ␦. According to the Lindemann rule 46 for usual condensates, states with ␦Շ0.1 are regarded as solid. At /ϭ1, the chain changes from liquid to solid in a continuous manner. At /ϭ2, this transition is apparently discontinuous. The existence of hysteresis is also noted: with an increase in temperature, the solidlike state remains until /Tϭ1.3, on the other hand, with a decrease in temperature, the coil state persists until /T ϭ1. 45 . An increase in stiffness enhances the discrete nature not only of the collapse transition between gaslike and condensed states but also of the transition between liquidlike and solidlike states: at /ϭ1, both ␦ and C are continuous, whereas at /ϭ2 the change in ␦ becomes discontinuous with a marked peak in C.
To analyze the steric characteristics of a toroid, rod and spherical globule, we calculated the probability distribution of the bending angle between neighboring segments in a chain ͑see Fig. 10͒ . The toroid exhibits a single peak, whereas the rod shows a shoulder attributed to segments located around both of its ends. The high probability with a large bending angle in the spherical globule is due to pairwise interaction between second-nearest neighboring beads.
To summarize the above mentioned results obtained by the simulation, Fig. 11 shows the diagram of the morphological variation in a single chain depending on temperature and stiffness, as is represented by the parameters of / and /T.
IV. DISCUSSION
Our results have shown that chain stiffness is the essential factor that determines the morphology in a collapsed structure. For a rather stiff chain, the toroid morphology is the most stable. With a decrease in stiffness, the most stable morphology is the rod. Flexible chains take a liquidlike state and a spherical shape. This trend is consistent with our daily experience with folded macroscopic wires and strings. For stiff iron wires, the toroid shape is the most common structure, as sold in shops. Semiflexible materials, such as thick ropes, are usually packed in a rod shape. For narrow flexible strings, a spherical shape is one of the most common morphologies. Now, let us discuss the relative stabilities of the toroid and rod shapes for a chain with N segments of unit length. The internal energies of the toroid and rod, U toroid and U rod , at temperature Tϭ0 will be given as follows: are assumed to be replaced by vacant space. As a rough approximation, at the end of the rod, the bending of the chain is considerd to be interpreted with a half circle of radius 0.6h. The following equations are deduced from Eqs. ͑10͒: Figure 13 shows the effect of elasticity on the minimum internal energies of the toroid and rod. In Fig. 13͑a͒ , for /Ͻ3.8 ͑semiflexible chain͒, a rod has a lower energy than a toroid. On the other hand, for /Ͼ3.8 ͑stiff chain͒, a toroid is more stable. This trend is in accordance with the results of the simulation ͑see Figs. 6 and 7͒. Figure 13͑b͒ shows that the line between the toroid and rod morphologies can be represented as /ϰN 1/3 . This relation is deduced from Eqs. ͑12͒ and ͑13͒, where Eq. ͑13͒ holds when h is sufficiently small.
Ϫ5N, ͑13͒
where hӶ1.3/. In experiments on the collapse transition in long stiff polymer chains, DNA has been the subject of the most extensive study. According to previous reports, the relative ratio of the toroid and rod forms was about 0.9:0.1 for condensation with agents such as spermidine and hexammine cobalt͑III͒. 15, 21 On the other hand, in the case of permethylated spermidine, the toroid:rod ratio is about 1:1. 21 A decrease in stiffness in low-polarity medium may be the most important factor in this relative increase in the rod morphology. However, kinetic effects may also alter the relative ratio of the toroid and rod shapes. Using a Monte Carlo simulation, it has been shown that, due to kinetic effects, there are almost as many metastable rods as toroids. 22 In many previous studies, 15 DNA condensates, especially toroids, have been shown to be the product of the aggregation of several chains. Previous experiments must be considered carefully when comparing the results of theoretical studies of single chains with experimental findings. Some theoretical studies [47] [48] [49] have appeared on the stability of the toroidal structure with the framework of meanfield approximation. However, as far as we know there is no study on the relative stability between toroid and rod.
For a simulation with discontinuous molecular dynamics for a freely jointed chain with Nϭ64, Zhou et al. found that the transition between the liquidlike state and the solidlike state is discrete at 2 ϭ1.5 and becomes continuous at 2 ϭ1.3.
9 Their model of a freely jointed chain corresponds to the state with ϭ0 in our model. In contrast, in our model, both the coil-to-globule transition and the transition between liquidlike and solidlike state are discontinuous even at 2 ϭ1.3. This result again indicates the importance of stiffness in determining the nature of the transition. In a report by Doye et al. 26 using a cubic lattice model, only the cubic rod was obtained as the collapsed state. We expect that various new morphologies will be identified as the collapsed product of single chains, both experimentally and theoretically, in the near future.
Regarding the higher-order structure of DNA, topological studies over the past few decades have actively examined the conformation of circular DNAs. 50 It has been suggested that topology actually affects the biological properties of DNA, such as the activity of gene expression. In contrast to the extensive studies on the topological aspects of circular DNAs, there have been few studies of the relationship between the folded state of open long DNA chains and biological activity. Why and how is a long DNA chain on the order of mm-cm compacted in a narrow space on the order of mm in living cells without entanglement? This remains a challenging problem in the field of physics. To repair entanglement, special enzymes such as topoisomerase are found in nature. However, the use of such enzymes in living cells should be minimized due to the high probability of an error in the repair process, including disconnection and connection of DNA segments. In addition, the development of a method for studying the folding process in homopolymers may shed light on another important unsolved problem, i.e., the mechanism of folding in proteins.
As discussed above, morphological changes in the compact state for a single chain reflect the characteristics of a mesoscopic system, or of a system with a finite number of elements. Over the past decade, not a small number of studies have examined changes in the structure of ''microclusters'' as a representative mesoscopic system. 44, 45, 51 In contrast insight into the structural changes in a compact isolated polymer chain seems to have remained at a very primitive stage. Studies of the transition between gas and condensed states are difficult because the number of elements changes with evaporation. There has been no previous experimental or theoretical study of transition incorporating the gas phase in microclusters. In contrast, due to the connections between the elements, a single polymer chain realized the gas phase as the elongated coil state. Thus, one can play with the rich variety of transitions among the gas, liquid and solid states. A full theoretical investigation, including both thermodynamic and kinetic perspectives, of the collapse transition in relation to morphological variation in the condensed state in a single chain is needed.
V. CONCLUSION
We have shown that the collapsing products of single polymer chains exhibit various morphologies.
͑i͒
For flexible polymer chains, with a decrease in temperature, the elongated coil state changes to a liquidlike spherical globule, which in turn changes into a solidlike-spherical globule. With an increase in stiffness, the coil-globule transition, or collapse transition, changes from continuous to discontinuous. ͑ii͒
With an increase in stiffness, the intermediate liquidlike state disappears. As a result, the coil state exhibits a direct transition into a solid or crystalline state with a toroidal shape. These results are in contrast to those of previous studies with the lattice model, 26, 27, 32 where only the rod state was generated as a collapsing product. ͑iii͒ For chains of intermediate stiffness, with the collapse transition the coil state changes into a state in which the toroid and rod forms coexist. With the increase of the pairwise attractive interaction, the rod morphology gradually becomes predominant while the toroid disappears.
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